SOME PROPERTIES OF THE RANGE OF SUPER-BROWNIAN MOTION 



JEAN-FRANgOIS DELMAS 

Abstract. We consider a super-Brownian motion X. Its canonical measures can be stud- 
ied through the path-valued process called the Brownian snake. We obtain the limiting 
behavior of the volume of the e-neighborhood for the range of the Brownian snake, and as 
a consequence we derive the analogous result for the range of super-Brownian motion and 
for the support of the integrated super-Brownian excursion. Then we prove the support of 
Xt is capacity-equivalent to [0, 1]^ in R'*, d > 3, and the range of X, as well as the support 
of the integrated super-Brownian excursion are capacity-equivalent to [0, 1]* in R'', d > 5. 



Introduction 

Super-Brownian motion, denoted here hy X = {Xt,t > 0), is a measure- valued process in 
M'^. It can be obtained as a limit of branching Brownian particle systems. We refer to Dynkin 
||8| for such an approximation in a more general setting. Another way to study super-Brownian 
motion, is to use the path-valued process, called the Brownian snake, which was introduced 
by Le Gall ||9|, |l2|. Furthermore this approach allows us to study also the integrated super- 
Brownian excursion (ISE). This process appears naturally when one consider the limit of 
rescaled lattice trees in high dimension (see Derbez and Slade [§, For every bounded Borel 
set A C M'^, we denote by = {x G M'^; d{x, A) < e} and by \ A\ the Lebesgue measure of the 
set A. Recently Tribe ||l^ (see also Perkins [|^) proved a convergence result for the volume 
of the e-neighborhood of the support at time t > 0, supp Xt, of super-Brownian motion 
in dimension d > 3. More precisely. Tribe showed that the quantity e'^~'^ \{supp XtY n A\ 
converges a.s. to a deterministic constant times / lA{x)Xt{dx). Using results of Le Gall 
on hitting probabilities for the Brownian snake, we give a similar result for the range 



of the Brownian snake. We then derive an analogous result (theorem 2.1) for the range of 
super-Brownian motion after time t > 0, TZt{X) defined as the closure of Us>4supp Xg. More 
precisely, we show that there exists a positive constant Co depending only on d such that for 
every Borel set A C W^, d > 4, for every t > 0, we have a.s. 

ds J lAiz)Xs{dz), 

where = log(l/e) and ^Pdi^) = e^"*^ if d > 5. We also give a similar result for the 

support of ISE (corollary ^ ). 
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Pemantle and Peres |14] defined the notion of capacity-equivalence for two random Borel 
sets, and later Pemantle and al. |15| showed that the range of Brownian motion in M^, d > 3, is 



capacity-equivalent to [0, 1]^. As an application of the previous results , we show (proposition 
^!3|) that a.s. on {Xt / 0}, the set supp Xt C M*^, d > 3, is capacity-equivalent to [0, 1]^, and 
that a.s. the range lZt{X) C and the support of ISE for d > 5 are capacity-equivalent to 
[0,1]1 

Let us now describe more precisely the contents of the following sections. In section |l], we 
recall the definition of the path- valued process W = (VF,, s > 0) called the Brownian snake. 
We denote by C,s the lifetime of the path Ws- We recall the links between the Brownian snake, 
super-Brownian motion and ISE. 



In section |1.3| , we introduce the main tools concerning the Brownian snake. In particular, 
we consider T^^^^) the hitting time for the Brownian snake of B{x,e), the closed ball with 
center x and radius e: 

r(,,,) = inf {s > 0; 3t G [0, Q, Ws{t) e B{x,e)} . 

The function ne(x) = No [^(x.e) < oo] , where No is the excursion measure of the Brownian 
snake away from the trivial path 0, is the maximal nonnegative solution of Au = 4ii^ on 
R'^\B{0,e) (see also Dynkin §). The study of \n{WY n A\ = J^dx 1 where 

TZ{W) is the range of the Brownian snake, relies on the explicit law of the first hitting 

path ^Wt(^ Ct(^ under the excursion measure. This law has been computed by Le Gall 

|jTl|, |l3|. It is closely related to the law of the process (xf , < t < r^), defined as the unique 
strong solution of 



dxf = dpt H T-^ T^dt, for < t < 



where /? is a Brownian motion in R'^ started at /3o = and = 'mi{t > 0; \xf — x\ = e}. 

In section ^, we state the main result on the convergence of the volume of the e-neighbor- 
hood of TZt{X). The method of the proof is completely different from the one used by Tribe 
in |19|. It is derived from the convergence of the volume of the e-neighborhood of the range 



of the Brownian snake in L (No) (proposition 2.3) 



Section ^ is devoted to the proof of the latter convergence. The proof of the L^(No) conver- 
gence is somewhat technical because we need a precise rate of convergence. The derivation of 

this estimate relies heavily on the explicit law of (Wt^^ CT(^ under Nq. It also depends 
on precise information on the behavior of the function ui at infinity. In particular we give 
the asymptotic expansion of ui at infinity in the appendix. 

In section Q we prove the results on capacity-equivalence for the support and the range of 
super-Brownian motion and for the support of ISE. Let / : [0, oo) — > [0, oo] be a decreasing 
function. We define the energy of a Radon measure z/ on M°' with respect to the kernel 
/ by: Xj(zv) = ff f{\x — y\)v{dx)iy{dy), and the capacity of a set A C M'^ by capj(A) = 



[inf^(^)=;^ Tj(z/)] . Following the terminology introduced in [14|, we say that two sets Ai 
and A2 are capacity-equivalent if there exist two positive constants c and C such that for 
every kernel /, we have 

ccapj(Ai) < capj(A2) < C capj(Ai) . 



RANGE OF SUPER-BROWNIAN MOTION 



3 



Proposition 4.3 states that a.s. the set supp Xt C M , d > 3, is capacity-equivalent to 
[0,1]'^, and that a.s. the range TZt{X) C M'^, as well as the support of ISE for > 5 are 
capacity-equivalent to [0, 1]^. The proof follows the method of [p!5| ]. 

1. Preliminaries on the Brownian snake and super-Brownian motion 

We first introduce some notation. We denote by [Mf,M.f) the space of all finite measures 
on W^, endowed with the topology of weak convergence. We denote by BiiJ^iMP), respectively 
Bh+i^'^ X M^), the set of all real bounded nonnegative measurable functions defined on W, 
respectively on M+ x M^. We also denote by B{W) the Borel (T-field on W. For A G B{W), 
let Cl{A) = ^ be the closure of A. For every measure v € Mj, and / € Bh+^W^)^ we shall 
write J f{y)v{dy) = (i^, /)■ We also denote by supp v the closed support of the measure u. 
If 5 is a Polish space, we denote by C(/, S) the set of all continuous functions from I C M 
into S. 

1.1. The Brownian snake. We recall some facts about the Brownian snake, a path-valued 
Markov process introduced by Le Gall A stopped path is a continuous function 

w : [0, Q W^, where C, = C(w) is called the lifetime of the path. We shall denote by w the 
end point w(C). Let W be the space of all stopped paths in M'^. When equipped with the 
metric 

(i(w,w') = |C(w) - C(w')| +SUp|w(s A C(w)) - A C(w'))|' 

the space W is a Polish space. 

Let w G yy and a, 6 > 0, such that a < b A ("(„). There exists a unique probability measure 
on W denoted by Q^^{dW) such that: 

(i) C(w') = &, Q^b(dw')-a.s. 

(h) w'(t) = w(t) for every < t < a, Q^^,{dw')-^^.s. 

(iii) The law of (w'(t + a), < t < 6 — a) under Q^^[dw') is the law of Brownian motion in 

R'^ started at w(a) and stopped at time h — a. 
We shall also consider Q^j^{dw') as a probability on the space C([0, 6], M'^). We set Wx = 
{w G yV;w(0) = x} for x G W^. Let w G Wx- We restate theorem 1.1 from 

Theorem 1.1 (Le Gall). There exists a continuous strong Markov process with values in 
y^x, W = {Ws,s > 0), whose law is characterized by the following two properties. 

(i) The lifetime process C = (Cs = C{Ws)j s >0j is a reflecting Brownian motion in M"^. 
(ii) Conditionally given {Cs,s > 0), the process {Ws,s >0) is a time-inhomogeneous contin- 
uous Markov process, whose transition kernel between times s and s' > s is 

Ps,s'iw,dw') = QZris,s'),o(d'^')^ 
where m{s, s') := infrg[5 .,/] Cr- 

From now on we shall consider the canonical realization of the process W defined on the 
space C{R'^ ,Wx)- The law of W started at w is denoted by iSw We will use the following 
consequence of (ii): outside a £'„-negligible set, for every s' > s, one has Ws{t) = Ws'{t) 
for every t G [0, m(s, s')]. We shall write £^ for the law of the process W killed when its 
lifetime reaches zero. The distribution of W under £1 can be characterized as in theorem 
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1.1, except that its lifetime process is distributed as a linear Brownian motion killed at its 
first hitting time of {0}. The state space for (W,£*) is the space W* = Wx U d, where d is 
a cemetery point. The trivial path x such that Qx) = ^(0) = 2; is clearly a regular point 
for the process {W,£v,)- Following Q chapter 3, we can consider the excursion measure, N^, 
outside {x}. The distribution of W under can be characterized as in theorem except 
that now the lifetime process C is distributed according to Ito measure of positive excursions 
of linear Brownian motion. We normalize Nx so that, for every e > 0, 



sup Cs > e 

.s>0 



1 

2e 



The Brownian snake enjoys a scaling property: if A > 0, the law of the process Ws^\t) = 
>^~^Wx4si>^'^t) under is A-^Na-i^- 

We recall the strong Markov property for the snake under f^x (see fl^). Let T be a stopping 
time of the natural filtration of the process W. Assume T > N^^-a.e., and let F, H 
nonnegative measurable functionals on C(R^,W^) such that F is J^j!^ measurable. Then if 
denotes the usual shift operator, we have 

Nx[T <oo-F ■ Ho Ot] = Nx[T<oo;F ■ [H]] . 

Let a = inf {s > 0;Cs = 0} denote the duration of the excursion of C under Nx- The range 
7^ = n{W) of W is defined under N^; by 

n = {Ws{t);0< t<Cs,0<s<a} = |#s;0 < s < crj . 

For every nonnegative measurable function F on W*, we have 



N, 



FiWsXs)ds 







[F(/?[o,t],t)] dt, 



where /3[o,j] is under P^, the restriction to [0, t] of a Brownian motion in M"^ started at Po = x. 
Now consider under N^; the continuous version (^*, t > 0, s > O) of the local time of C at level 
t and time s. We define a measure valued process Y on M'^ by setting for every t > 0, for 
every ^ES6+(M'^), 

iYt,ip)= r dli^{Ws). 



Jo 

We shall sometimes write It(VF) to recall that It is a function of the Brownian snake. From 
the joint continuity of the local time and the continuity of the map s Wg, we get that 
Naj-a.e., the process Y is continuous on (0, 00) for the Prohorov distance on Mf. Let G 
Bb+{R'^). We define on M+ x R'^ the function v{t,x) = [1 - exp -{Yt,ip)], if t > 0, and 
v{0, x) = (p{x). We will write v{t) for the function v{t, •). We recall that the function v is the 
unique nonnegative measurable solution of the integral functional equation 

(1) v{t) + 2 [ ds Ps [v{t - s f] = J{t) t > 0, 

Jo 

where J{t,x) = Pt[(p]{x), and {Pt,t > 0) is the Brownian semi-group in W^. A few other 
remarks on the solution of (|^) are presented in section 5.1 below. 
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1.2. Super-Brownian motion and ISE. Let us now recall the definition of super-Brownian 
motion and its connection with the Brownian snake. The second part of the next theorem is 
lemma 4.1 from |p. Let v G Mj. 

Theorem 1.2. There exists a continuous strong Markov process X = {Xs, s > 0) defined on 
the canonical space C(M"'",Mj), whose law is characterized by the two following properties 
under F-^ . 

(i) Xo = V, F^-a.s. 

(ii) For every € BhJ^{W^\ t > s > 0, we have 

[exp [-{Xt,ip)] I a{Xu,0< u < s)] = e^p[-{Xs,v{t - s))], 

where the function v is the unique nonnegative solution of ^ with J{t) = Pt[<^]. 
Furthermore, for every integer m > 1, tm > • ■ ■ > ti > 0, ipi, . . . , £ Bh^{W^), we have 



(2) 



E 



X 



exp 



iXt-u,ipi) 

{i;U<t} 



exp 



where v is the unique nonnegative solution to the integral equation (j^ with right-hand side 

Theorem 1.3 (Le Gall |l^). Let X^jg/ (J^yi be a Poisson measure on C(M^,W) with in- 
tensity f h>{dx)'Nx[-], then the process Z defined by Zq = v and Zt = Yli&i^tiW^) ^/^ > 0> is 
distributed according to P^. 

We deduce from the normalization of N^; that 'Hx [It 7^ 0] = l/2t < oo. This implies 
that for every t > 0, there is only a finite number of indices i €z I such that the process 
{Ys{W^),s > t) is nonzero. 

We now recall the connection between ISE and Brownian snake. There exists a unique 

collection (Ng^\r > O) of probability measure on C(M.~^ jWq) such that: 



1. For every r > 0, Nq'"^[(T = r] = 1. 

2. For every A > 0, r > 0, nonnegative measurable functional on 



(r) 







[F{W)] . 



(3) 



3. For every nonnegative measurable functional F on C(M^,Wq), 

1 



No[F] 



27r Jo 

j(0 



dr r-^/^nP[F]. 



The measurability of the mapping r Nq [F] follows from the scaling property 2. Under 



Nq^"*, the distribution of W is characterized as in theorem 1.1, except that the lifetime process 



is distributed according to the normalized Ito measure. The law of the ISE is the law of the 
continuous tree associated to V^W, under Nq^^ (see corollary 4 in [10| and In particular 
the law of the support of ISE is the law of \/27^ under Nq^^ , where we set XA = {x; X~^x G A}. 
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1.3. Hitting probabilities for the Brownian snake. We now recall a few results from 
Let w G W U C(M+,M'^), we introduce the first hitting time of A e BiR"^): 

TAiw) = inf {t > 0;w(t) G A} , 

with the usual convention inf = cxd. We omit w when there is no risk of confusion. Consider 
the Brownian snake W, and set 

T^y^,)= inf {s>0;3t£[0,Cs],Wsit)£B{y,e)}, 

where B{y,e) is the open ball in M'^ centered at y with radius e > 0, and B{y,e) its closure. 
We know from |12] that the function defined on M.'^\B{0, e), 

ue{y) := No [r(^,,) < oo] = No [7^ n B{y, e) / 0] = n.y [U n 5(0, e) ^ 0] , 

is the maximal nonnegative solution on ]R'^\^(0, e) of 

Alt = Av?. 

This result was first proved in a more general setting by Dynkin [|7| in terms of superprocesses. 
The function Us is strictly positive on W^\B{Q,e). For every y^ G dB{0,e), we have 



lim Us{y) = oo. 
Scaling and symmetry arguments show that for every y S M'^\^(0, e), 



(4) 



Ue{y) =e ""1 ( — 



where the function r G (1,00) is the maximal nonnegative solution on (l,oo) of 



ui{r) + 



Ui{r) = Au\{r). 



It is easy to see that the function ui is decreasing. Li section we give the asymptotic 
expansion of ui at infinity. 

We give the following result on the probability of the event {T^y f,-^ < 00} (see lemma 2.1 
of |]ll|). Assume xq B{y,e). Then N^^-a.e. for every T > 0, we have 

dt UeiWrit) - y)) ei-^^O n,{WT{s)-y)ds] 



(5) 



^Wt [^y,e) < 00] = 2 

= 1 — exp 



CT/\Tg(y,e)i'^T) 



UeiWris) - y)ds 



Let xq,x ^ W^. We will now describe the law of WT^^^ under N^oi' | ^(x.e) < 00]. 
First of all we denote by /5 a Brownian motion in R'^ started at xo under P^;;,. Assume 
xo B{x,£). Corollary 2.3 from |11] ensures that there exists P^^Q-a.s. a unique continuous 
process = (xf , < t < t^) taking values in R"^ such that for every r/ S (0, |x — xo| — e), for 
every t < = inf {s > 0;\xl — x\ < e + ??}, 

VUs{Xg - x) 



X, 



Ue{x 



-ds, 
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furthermore, P^Q-a-s. = lim^^oT^ < cxd and \x%e — x\ = e. We also recall that thanks to 
Girsanov's theorem, we have for every nonnegative measurable function F on C([0, tJjM'^) 



E 



>t;F{x 



E, 



'Xo 



U£{f3s - x)ds 



Ue{xQ - x) 

where Xjjj and l3\Q^t] a^'e the restriction of and /? to [0, t]. The law of x^ under can be 
interpreted as a probability measure on W*^ . Consider the closed set 

^ = |wGW*„;r5(,^,)(w)<oo}. 

It has been proved in [p!l| ] that its capacitary measure with respect to the Brownian snake 
with initial point xq is exactly Ue{xQ — x) times the law of under P^jq. It is not hard 
to check however that the normalized capacitary measure can be interpreted as the hitting 
distribution under 'Hxq (cf |jl3|, this is proved in a way similar to the classical interpretation 
of the capacitary measure as a last exit distribution, see e.g. Port and Stone Thus we 

deduce that for every nonnegative measurable function F on W*^^, we have 



N.0 



n,(xo-x)E^o [F{x',t')]. 



Hence for every t > 0, and every nonnegative measurable function F on C([0, t], 
(6) N,„ fr(,,,) < oo; Ct(. >t-F {{Wt^^^^ (s), s E [0, t]) 



we have 



E, 



TB{x,e) >t;F {P[o,t]) UeiPt - x) exp 



UeiPs - x)ds 



Finally we shall use the following inequality, that can be derived from the Feynman-Kac 
formula (use the fact that solves Au = 4:Usu) 

(7) u,{x) > 2Eo [ / dt u,{pt - xf exp [-4 / - x)ds 

Jo L -'0 

There is in fact equality in (see the remark on page 293 of [|1 1| ) . 

2. A PROPERTY OF THE RANGE OF SUPER-BrOWNIAN MOTION 

For A G B(R'^), e > 0, we set A" := {x G R'^;d{x,A) < e}, witlid{x,A) = mi{\x -y\;y e A}. 
We will write \A\ for the Lebesgue measure of A. We also set 

Co = ao27r'^/2r([d-2]/2)-\ 

where the constant ao is defined in lemma |5.1| (see also the remark below the lemma). We 

set TZtiX) = CI (Us>t supp Let ipd{e) = e'^''^ if d > 5 and ipA{e) = log(l/e) for e > 0. 

Theorem 2.1. Let v G Mj. For every Borel set A C W^, d> A, for every t > 0, P^-a.s. 

/•OD 

(8) lim Me) IM^Y nA\=Co ds (x,, u). 

Jt 

If there exists p < A such that limg^o^''"'^ |(supp uY] = then holds with t = 0. 
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Let K a compact subset of M'^. We consider the measure (/"(i^) defined by 4>{K){A) = 
\KnA\. Since the set TZt{X) is compact for t > 0, the theorem imphes that a.s. the 
sequence of measures {ipd{£)(p{'JZt{XY) , e > 0) converges weakly to Cq ds {Xs, 1a)- 

Let us recall the main theorem of []T9| (see also p^). 



Theorem 2.2 (Tribe). Let A a bounded Borel set in , d > 3. Fix t > and v e Mj. 
Then there exists a positive constant oq depending only on d such that 

-2-^|(suppXjf nyi| 



lim e 

X 



ao{Xt, 1a) 



where the convergence holds W^-a.s. and in L (Pj;). 



We shall deduce theorem 2.1 from the next proposition on the range of the Brownian snake, 
whose proof will be given in the next section. For G (0, 1), we set h^fiie) = £^~^ if d > 5 
and h4^g{e) = log(l/e)~^/^ for e € (0, 1). For short we will write hd for hd^e- 

Proposition 2.3. Let d > 4. For every 9 E (0, l/d) and every Rq > 0, there exists a 
constant k = k{9) > and Sq > such that for every e £ (0, eo]; for every xq with \xo\ < Rq, 
and every Borel set A C B{0,Ro), we have 



N, 



XO 



Me) \nW)' nAn B{xo, hd{e))'\ -Co / ds {Ys, 1a 



< hd{e 



,k/2 



and 



N, 



XO 



Me) \nW)' nAn B{xo, hd{e))'\ -Co / ds (Ys, U 



< hd{e)\ 



Remark. We have trivially B{xo,e) C TZiWy , Najg-a.e. Since N^o is an infinite measure, 
Najg [|7^(Vl^)^ n B{xo-,5)\\ = oo for every e, 5 > 0. This is the reason why we consider A n 
B{xo, hd{s))'^ rather than A in the previous proposition. 
We first give a consequence of this proposition. 

Corollary 2.4. Let d > 4. For every Borel set A C M"', n^,^ -a.e., we have 



lim Me)\T^{W)' nA\ 
The results holds N[,^^-a.s. if \dA\ = 0. 



Co 



ds (Y^Ia). 



Proof of corollary Since N^Q-a.e. the range TZ{W) is bounded, we only need to consider a 
bounded Borel set A. Let k > be fixed as in proposition |2.3| . Let e„ such that hd{en) = n"^/*^ 
for n > 1. Using the Borel-Cantelli lemma and the second upper bound of proposition |2.3| , we 
get that the sequence {ipd{£n) iTZiW)^" n A\,n > 1) converges Na;.o-a.e. to Cq /q ds (Ys, 1a)- 
But for e' < e, since TZiW)^' C TZ{W)^ , we have 



n{wf' nA < Me) \nw)' n A\ Me')/Me) 



A monotonicity argument using the fact that ^d{en+i) / ^d{en) converges to 1, completes the 
proof of the first part. 
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The above result implies that No-a.e. the sequence of measures {ifiii^)(l){TZ{WY),£ > 0) 
converges weakly to Co /q°° ds Yg. Using (^) we see this convergence also holds dr-a.e. Nq''^- 
a.s. By the scaling property the Brownian snake and the family (Ng^^r > 0), we get this 



convergence holds Ng^^-a.s. Thus we have for every Borel set A C M'', Ng^''-a.s 



(1) 



ds {Ys, 1 



Int{A). 



<liminf^d(e)|7^(VF)^n^| 



< limsup(^d(e) \n{Wy n A\ < Co 



ds iYs,lA] 



where Int(A) denotes the interior of A. To prove the second part of the corollary we just 
need to check that if \dA\ = then f^ds {Ys,li-nt{A)) = fo° ds {Ys,!^). It is enough to 

prove that |j4| = implies ds {Ys, 1a) = Ng^^-a.s. Conditioning by the lifetime process, 
we get 



(1) 



ds (Ys,1a] 



N, 



(1) 



dt um: 



f 

Jo 



mum] 



This is equal to zero if |yl| = 0. This ends the proof of the second part of the corollary. □ 

As a byproduct of the proof we get that Nj^Q-a.e. and Ng^^-a.s. the sequence of measures 
{(pd{£)(t){Tl{Wy), £ > 0) converges weakly to Cq ds Ys. 

We first state some straightforward consequences of @ and lemma [5T| . We say that eo > 
satisfies the condition (C) if > 4/3 if d > 5 or log(l/eo) > 41og(2/6')/6' if d = 4. For 
6 G (0, 1/4) this implies that for e G (0,eo)) h4{e)/e > 4/3 and that 

(9) log(log(l/e))/[01og(l/e)] < 1/2. 

For d > A, 6 £ (0, l/d), there exists a constant bi such that for every e satisfying (C), 
X -6(0, hd{s)) we have 



(10) 
(11) 

For \x\ > £, we have 

(12) Ue{x) > aocpdis) 

(13) Ue{x) > aoipi{e) 



\x\ 



ao 



if d > 5, 



-^\x\-^ [l + log(2|x|)/log(l/e)]-i 



if d = 4. 



We will also often use the following inequality for e satisfying (C): (pd{£)hd{£)'^ < /irf(e)^. 
Proof of theorem Recall that for every t>0,F^ a.s. the set 7^^(X) is bounded. Thus 
we only need to consider a bounded Borel set A. Thanks to the Markov property of X at 



time t and theorem 2.2 it is clearly enough to prove the second part of theorem 2.1. Let 



u £ Mf and p < 4 such that lim£_>oe^ |(supp I'Yl = 0. For short we write a.s. for P^-a.s 



First step. Recall we can write for every t > 0, Xt = '^i^iYt{W^), where ^i^jSy^i is 
a Poisson measure on C(IR"*",yV) with intensity measure J i'{dx)f^x[']- We let Xq denote the 
starting point of the Brownian snake (i.e. Xq = Tyg(O)). Notice that a.s. for every i € I, 
Xq G supp u, which is bounded thanks to the hypothesis on supp u. Fix 6 G (0, l/d) such 
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that d - p> {d- 4)/{l - 9) (and 9 < 4 - p if d = A). Fix i?o such that supp u C -B(0, Rq). 
Let K and Eq < 1 fixed as in proposition |2.3| . We notice that for every bounded Borel set 
AcB{0,Ro), 



Me) |7^o(X)^ n ^1 < ^ V,iW') + Me) A n (supp u) 



hd(e) 



where 



VeiW) = Me) mwr nAn 5(4, h^ie))' 



We set Vo(H^*) = Co /q°° ds {Ys{W^), 1a)- We use the second moment formula for a Poisson 
measure to get: 



E 



X 



Y^Ve{W')-Y,Vo{W' 



iei 



i^idx)n, [VeiW)-VoiW)Y 



+ 



i^idx)n, [Vsiw) - Voiw)] 



We deduce from proposition that for every e G (0,eo], 



E 



X 



Y^V,{W')-Y,VoiW') 



< [{v,l) + {u,l)^]hd{e)\ 



Notice the hypothesis on supp v and 6 imply that lime_>o y'(i(e) |(supp = 0. Argu- 

ments similar to those used in the first part of the proof of corollary |2.4| show then a.s. 



\\raY,Ve{W') = Y.^o{W')- 



poo 



Notice we have X^jg/ Vo(VF*) = Cq ds {Xs,1a)- Using the above remark on supp z^, we 
deduce that a.s. 

POD 

hmsnpMe)\T^oiX)' nA\ < Co ds (X„1a). 

e^O JO 

Second step. To get a lower bound, consider an increasing sequence {Ep,p > 1) of measur- 
able subsets of ^ = C(M+, W) such that Up>i Ep = E and / u{dx)'Nx[Ep] = ctp < oo. (For 
instance we can take Ep = {^W; supg>o Cs > Then a.s. the set Ip = {i G I; G Ep^ 

is finite. We have 

Me) l^oix)' nA\>Y^ VeiW) - Yl ^')' 



where 



Ue{w\ = Me) 'R-iwY n n{w^)' nAn b{xI hd{e)y n b{4, hd{e)y 



Me) 



AnB{xl,ha{e)Yf^B{^i,hi(e))' 



^'^ "^{^{j/,.)(^')<°°}"'"{'r(!/,e)(M^^)<°°}' 
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Arguments similar to those of the first step show that a.s. 

lim ye{W') = MW') = YCJ ds {Ys{W'), 1a). 
ieip i&ip ieip ^ 

Now conditionally on the cardinal of Ip, the Brownian snakes {W^,i G Ip) are independent 
and have the same law: fip = f i^{dx)Nx[- H Ep]. For two independent Brownian snakes 
{W, W) under ^p(^ we get using (0), that for e satisfying (C), 



dy 



fip iJ.p[U,iW, W')] <ap' JJ i^{dxoHdx'o)Nx, n,',[Ue{W, W')] 
< ipd{e)ap'^ / / u{dxQ)v{dx'Q) 



AnB{xo,hdie)YnB{x'g,ha{e)) 

ho<Pd{e)~^ \y - xo\^~ 



dy\y-XQ 



\A-2d 



< ipd{e) ^a^'^iu, if hi sup / 

xoGK<* J B{0,Ro)\B{xo,ha{e)) 

<c(^4(£)"'log(log(l/e)) ifd = 4 

< chdief/^ if d > 4, 

where the constant c is independent of e and A. Using the Borel-Cantelli lemma for the 
sequence {h(i{en) = n~^/^,n > 1), and a monotonicity argument, we get that fip ^p-a.s. 
lime_,o C4(VF, VF') = 0. Then since the cardinal of Ip is a.s. finite, we get that for every 
integer p > 1, a.s., 



lim 



Y Ue{W\W^)=0. 

We deduce that for every integer p > 1, a.s. 



POD 

liminf (^rf(e) iTZoiXy n ^| > V Co / ds (YsiW), 1a). 

We get the lower bound by letting p — > oo. This and the upper bound of the first step ends 
the proof of the theorem. □ 



3. Proof of proposition |273| 



We shall use many times in the sequel the fact that ds {Yg, 1a) = ds 1a{Ws) N^^q- 
a.e. We assume d > A. We recall easy equalities, which can readily be deduced from the 
results of section 5.1. For every A G ;B(M'^), we have 



(14) 



ds 1a{Ws 



dy G{x,y), 
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where G is the Green kernel in R"': G{x,y) = 2-'^iT-'^/'^T{[d - 2]/2) \x - y\^'~'^, and 



(15) 



N, 



f 

Jo 



1 2 



ds 1a{Ws) 



[J dyG{x,y) 



-\ 2 



dz G{y,z) 



We can also compute the first moment under For every A E B{M. ), w G W, we have 
with C = C(w), 



ds 1a{Ws 



dt K 



w{t) 



ds 1a{Ws 



2 l'^ dt [ dyG{wit),y). 
'0 J A 



Thanks to the space invariance of the law of the Brownian snake, we shall only consider the 
case xo = and yl C B{0,Ro), for Rq fixed. We fix 6^ G (0, l/d) and Rq > 1. Let e'q > 
satisfying (C). We consider e £ (0,eo)- In this section, we denote by c, ci,C2,... positive 
constants whose values depend only on d,6 and Rq. The value of c may vary from line to 
line. For short we shall write = AO B{0, hd{£)Y (not to be confused with A^) and TZ for 

n{w). 

We first consider the case d > 5. Notice that 

Nn WlZ' n A 



WW n Ae\] = I No [T{^x,e) < OO] = / dx Ue{x). 

J ' J As 



Thus we deduce from (|T^) and (0), that for e G (0, Gq), 



aQE 



dx \x\^-'^ -a^e^-^ 



dx \x 



2-d 



B{0,£l-») 



< No [|7^^ n A,\] < e'^-^iao + hMe)'/^] [ dx \x\^~ 

J A 



Therefore using also dH), we have 



N. 



POD 

e^-''\n{wYnA,\-Co / ds (y„i, 

Jo 



Thus we get the first bound of proposition (take k < 6 and Eq small enough). The proof 



is similar for d = 4 (use instead of (25) and the fact that |x| is bounded by Rq). 

Now we will prove the second bound. To this end we have to find an upper bound on 



/ = N 



\n' n A, 



and a lower bound on J = No 



\n'nA,\f^ds 1a{Ws 



3.1. An upper bound on /. The term / can also be written 

/ = / / dx No [T(^x,e) < oo; T(^y^s) < oo] ■ 

Consider the above integral as the sum of the integral over |x — y| < 2hd{£) (denoted by Ii) 
and the one over |x — ?/| > 2hd{s) (denoted by I2). Using (p^) we easily obtain an upper 



RANGE OF SUPER-BROWNIAN MOTION 



13 



bound on Ii: 



h < \B{0,2hd{e))\ I dx No [T^^,,e) < H 



< chd{eT / dx (^d(e)-^bo Ixl^""^ < ci^d{e)-''hd{ef . 

Notice the event {^'(j.^j) < oo;T(^y^^^ < 00} is a subset of 

{T(x,e) < oo;T(3^,e) ° ^T(,,,) < oo} U ^^y^,) < oo;^^^,) o < 00} , 

where Of is the usual shift operator. By symmetry, we get 



(17)/2 < 2 / / dxdy l{|^._y|>2/,^(£)}No T(^a:,e) < ^'^T^y,e) O ^T(,.e) < OO 

J J As X As 

Using the strong Markov property of the Brownian snake under Nq at the stopping time 
and @, we see that the quantity Nq T(^x,e) < T(^y^s) ° ^T(^ s) ^ equal to 



(x,e) 



Nn 



dt UeiWr., {t)-y)e 



Finally the law of the stopped path Wt^^^ under Nq is given by @. Thus the previous 
expression is equal to 



2 / dt Eq 



We substitute this last expression for Nq T(^x,e) < c«;^{j/,e) ° e) < ^ (0)' then 
decompose the right-hand side of ( p!7| ) in three terms by considering the integral in dxdy 
on the sets \Pt — x\ A\Pt — y\ > hd{e) (integral 121)7 I A ~ 2;| < hd{e) (integral 122), and 
-y\< hd{e) (integral 123) (recall |x - y| > 2hd{e)). 
An upper bound on /21. We shall need the following notation: 

n 2 



/o = 4ag y G(0, z) j 



dx \z — X 



2-d 



We use (11) to bound /21 above by: for e £ iO,£[ 



07' 



AeXAe 



dx dy l{\x-y\>2haie)} / dt Eq \Pt -x\ > hd{e); \Pt - y\ > hd{e); 



M^r' \Pt - ^1'"' \Pt - y\'~' (ao + hihdief')'' 



<Aipd(er^ [4 + chd{ef/^ 
<^d{er^h + C2Vd{er^hd{ef'^ 



AxA 



dxdy I dz G{Q^ z)\z — x\^ \z — y\ 



2-d 
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An upper bound on I22 and 123. By symmetry we have I22 = ^23- Before getting an 
upper bound on 122, notice that \j3t — x\ < hci{e) and |x — y| > 2/i^(e) imply |/3j — y\> h(i{e). 
Furthermore thanks to (pX|), we get 



J A L 

Thus the sum I22 + I23 is bounded above by 



2-d 



dy \yf = C3ipd{e) ^ 



S(0,_Ro) 



8c3(pd{e) ^ / dx 



(it En 



Using the Cauchy-Schwarz inequahty and formula (0), we get 



h2 + -^23 < 8C3ipd{e) 



-1 



/ (it Po [\Pt -x\< hd{e)] 



.1/2 



dx 



dtEn 



TBi. 



1/2 



dx / (iz G{0,z)l{i^_^i<ha(e)} 



1/2 



(ix 2 ^ne(2;) 



1/2 



Then thanks to (|ro|), we get I22 + 123 < C4fd{e)~^/^hd{ef^'^ < c^M^y^hdief^^ . 

Conclusion on the upper bound on /. By combining the previous results, we get for 
d>4 

I < ci^d{e)-^hd{ef + ^die^k + C2^d{e)-^hd{ef'^ + Ci^d{e)-''hd{ef\ 
Thus we get ^d{e?I <h + cM^f'"^- 

3.2. A lower bound on J. We shall need the last hitting time of B{x,e) under Nq for the 
Brownian snake: 



sup{s>0;3tG [Q,Cs\,Ws{t)eB{x,e)] . 



We then get 



J 



dx Nfi 



T, 



{x,e) < 



+ 



ds 1a{Ws 



dx Nn 



ds lAiWs 



dx No 



T{x,e) < 00; 



ds lAiWs 



The time-reversal invariance property of the Ito measure and the characterization of the 
excursion measure readily imply that the latter itself enjoys the same invariance property. 
Thus the first two terms of the right-hand side are equal. We shall denote their sum by Ji. 
Let J2 denote the third term. 
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A lower bound on Ji. Let us use the strong Markov property of the Brownian snake at 
time T(^x,£)i then ( |l^ ) and (P), to get 

r(,,,) < cx); 2 dt j^dyG {Wt^^^^ (t), 



Ji = 2 / N| 



A, 



A dx dy dtE. 



'TB^.,e)>t;Gi(3t,y)uM-x)e-^Io-^i^^--)ds 



Fatou's lemma gives that limmii;^Qip(i{e)Ji > Jq, where 



Jo = 4ao 



AxA 



dxdy / G(0, y) |z — X 



2-d 



Unfortunately, we need an estimate on the rate of convergence. This requires some technical 
calculations. Notice that on {TB{x,ha{e)){P) > inequalities (|l^), (|T^) and (|l^) imply 

ao(/^d(e)-^Frf(/?t - x) \(3t - x\^-'' < uM - x) < hoM^r^ Wt - xf-'', 
where F^iz) = 1 if d > 5 and F4{z) = [1 + log(2 |2:|)/log(l/e)]~^. For short we write 



Ft = 2boV3d(e) ^ JqIPs — x\ ds. Then (^^(e) Ji is bounded below by 

f r roc p 

J( = 4ao / dx dy dtEo TB(x,ha(s)) > t;G{Pt,y)\Pt - Fd{Pt - x)e~^' 
J J A Jo L 

In order to obtain an upper bound on | J{ — Jo|, we have to find an upper bound on 



AxA 



dxdy / dt Eg 



-Tt 



Thus we shall decompose 1 — Ia^ {x)1 



{TB{xMe)) > t} 



FdiPt — x)e ^* into a sum of four terms: 



[1-1aAx)] + 1aAx) 



1 - 1 



{■rB(x,ha{e))>'t} 



We denote by Jn, J12, J13 and J14 the corresponding integrals. The integral 



-rti 



J 
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/ / dt E| 



G(A,y)|A-^ 



2-d 



is easily bounded above by 



/ dx dy 

JBiO.hAe)'] JBiO.Rn) J 



dy I dzG{0,z)G{z,y)\z-xf-'^ <cehd{e)\ 

lB{0,hais)) JB{0,Ro) 

We bound J12 by applying the strong Markov property of Brownian motion at time TB(x,ha{£))^ 



J12 = / dx dy 

J A^ J A Jo 

< dx dyEo 



dt En 



TB{x,ha{e)) < t; G{Pt,y) \Pt - X 



2-d 



^B{x,h,ie)) < cc; dz G(^^^(^_^^(^)),z)G(z,y) \z - x 



2~d 
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An easy calculation shows that there exists a constant cy such that for every (x, x') G 
B{0,2Ro) X B{0,2Ro), \x - x'\ < 1/2, 

f dy [ dzG{x',z)G{z,y)\z-x\^-'' <C7^d{\x' -x\) 

JB{0,Ft.o) J 
Furthermore we have for every r G (0, 1), 



(18) 



B{0,Ro) 



dx Po [TB{x,r) < OO] 



dx 



B{0,Ro) 



d-2 
^ 1 Al 

X 



< cr' 



.d-2 



We deduce from the previous remarks that if d > 5, 



Ji2 < chd{e 



,4-d 



A, 



dx Po [rB{x,ha(e)) < oo] ^ '^^die) 



A-d+d-2 



and if d = 4, J12 < c\og{l/hd{e))hd{e)'^ . Thus we get that for d > 4, J12 < cghdie)'^^'^ ■ 

If d > 5 then J13 = 0. For d = 4 thanks to (|) we have for \z\ > /14(e), |1 — F4{z)\ < 

2|log(2|z|)| /log(l/e). We deduce that 



Ji3 < log(l/e) 



-1 



AxA 



dxdy I dt Eq 



rB{xMe)) > t; G{(3t,y)2 |log(2 1/3* - x|)| |A - x\ 



<clog(l/e)"^ // dxdy / dz G{{),z)\\og{2\z - x\)\\z - x\~^ G{z,y) 
J J AxA J 

< clog(l/e)-i < c^haief. 

Notice first that thanks to (^), F^^z) < 2 for \z\ > hd{s). We have, using the Markov property 
for Brownian motion at time s, 



Ji4 < 2 



AxA 



dxdy I dt 



TB(x,ha(e))> t;G{f3t-,y)\fit- '^2bov3d(e) ^ / \l3s - ds 



,-1 



AxA 



dxdy / ds 



dt 



En 



|/3,-x|2-'^E^, |/3t-x| >/irf(e);G(A,y)|A-x 



2-d 



<cM^)~ M{d, hd{e)) 



where 

M{d,e) 



|2-Q 



dxdy / / dzdz G(0, z) |2 — x| 

B(0,flo)2 

An easy computation shows there exists a constant c such that for e G (0, 1], 

c if(iG{4, 5}, 



G(z,2')G'(2',y) 1^' - '^llz'-xi 



(19) 



M{d,e)<{ c + clog(l/e) if d = 6, 



ce 



6-d 



ifd>7. 



Thus we easily deduce that J14 < cio/id(e)^. 
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We have '^Ji > Jo — 4ao(Jii + J12 + J13 + ^14)- Putting together the previous results, 
we get for d> 4, 

e^"^Ji > Jo - 4ao[c6/id(e)2 + c^hd{efl'^ + c^hd{ef + ciohd{ef] > Jq - cnhd{ef. 



An upper bound on J2. We wih first recall the decomposition of the Brownian snake 
under £^ (see theorem 2.5 in We denote by {ai,Pi), i £ I, the excursion intervals of ( 

above its minimum process (i.e. of the process {Q — inf^gjo^t] Cs) above 0) before a under 
For i £ I the paths Ws,s G coincide over [0,CaJ- For every i £ I, and s > we set 

W^t) = W(^a,+s)Af^M + CaJ,te [0, Ci] with Q = C(ai+5)Aft " Ca, • Then is a stopped path 
{W, G W) with initial point H^(a,+s)Aft (CaJ = = w(CaJ. 

Proposition 1 (Le Gall). The random measure X^jg/ is under 8^ a Poisson point 
measure on [0,C{w)] ^ C(M+, W) with intensity 2dt ^w{t)[']- 

The process YliPi c <t ^w- ^ ^ [0' Cw] is a Poisson point process with inhomogeneous 
intensity. We will now describe the law under £^ of the first excursion ((^q, , W^°) which 

hits the ball B{x,e), that is, with evident notation, the first excursion for which T(^x,£)iW^) 
is finite. We first notice that under No[- | Tr^ < 00], £u/^ -a.s. there are such excursions. 



Indeed we have thanks to lemma 2.1 of [11| that No[. | T^x,£) < oo]-a.s. 

[3i e /, T^x,e)i^l < 00] = 1 - exp -2 ['^^^^•'^ dt UeiWx,^ At) -x) = l. 

Since the integral /q*" UsCWt^^^ ^^{t) — x) is finite for r < CT(^^ we deduce there exists a 
unique first excursion zq which hits B{x,e). Classical arguments on Poisson point process 
implies that the law of {Cai is 21ro<;„ )(t)dt f^Wr (t)[T(x e) < oo,-]. We introduce 

the random time Mi^x,£) = ™f '^{x,£)'i Cs = 'm'{T{x,e)^ L{x,e))} ■ It is clear from the definition 



of the excursion io that 
excursion iq. We have 



M(x,e) under .^^.^ 



{x,e) 



We will now express J2 using the 



J2 



Nn 



dx Nn 



ds lAiWs 



M. 



(x,e) 



Wi 



(x,e) 



-{x,e) 



ds 1a{Ws 



M, 



(x,s) 



dx Nn 



T(x,e) <oo;£. 



Wi 



(x,e) 



Lix,s)iW'0) 



ds UiWi') 



dx Nn 



(x,e) 



< 00; 



Ct, 



(x,e) 



dtU 



{x,e) 



< 00; 



-(x,e) 



ds lAiWs) 



We used the time reversal property of the Brownian snake for the first equality, then the 
strong Markov property and at last the definition of the excursion zq and its law. We will 
distinguish according to {t > TB(x,haie))} (integral J21) and {t < TB(x,haie))} (integral J22)- 
Notice that since x G we have TB(x,ha{e))iWT^^^^^) < Ct^^^^^ No-a.e. 
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We now bound J21 using (|l^. 



J21 = 4 / dx No 
'A, 



< 4 / No 

'A, 



4 / dxNo 

'A, 



T(x,e) < 00; 



Ct, 



dt N 



■^i3(:r,h^(e)) 



Wt, , (t) 







Ct, 



dt N 



Wt, , (t) 



-rs(:r,hrf(£)) 



dt l^dy G{WT^^ Jt),y) 



Now we use @, the Cauchy-Schwarz inequality and (0) to get 



J21 <4^ 


dx dtEo 
'a, Jo 


TB{x 


e)>'t> -TBixMe)) 


-I 


< 4 


2"^ / dxueix) 
Ja^ 


1/2 


f' roc 

dx dtEo 

J As: Jo 


t > 



^ 21 1 V2 

i > TB{x,ha{e))i [ I dy G{f3t,y) 



/ dx Po [TB(x,ha(6)) < °°] / '^(^' ( / dy G{z, y) I 

JA^ x'£B(0,2Ro) J \JA J 



1/2 



< c^,(e)-V2/,^(,){^-2)/2_ 



We used the strong Markov property at time T5(x,h^(e)) and ( |T^ ) for the last two inequalities. 
This implies that J21 < ci2(/^d(e)~^/id(e)"^''^. 

Using the time reversal property of the Brownian snake, the strong Markov property at 
time T{x,e) and ( p^ we get 



J22 = 4 / dx No 

J As 

= 8 dxNo 

J As 



■T-B(x,h^{e)) 
T^x,e} < 00; / N 


■rB(x,ha(E)) 
T{x,e) < 00; / dt 




Wt, , (i) 



^(x.e) < 00; / dslAiWs) 



N 



VKt, , (t) 



T(x,e)<oo; ' ds dyG{WT^^^^{s),y) 
Jo J A 
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We will distinguish according to {s > T5(a:,hd(£))} (integral J23) and {s < T5(a;,hd(e))} (integral 
J24). We now bound J23. We have 



J23 = 8 / dx No 



dt 



\ f dx [ 
J Jo 



dtKo 



dsj^dy G{WT,^ Js),y) 
t f°° 



Ef. 



x,ha{e))i / dy G{Ps,y)Ue{P: 
J A 



s- x)e 



-2 Jq Us(Pv-x)dv 



p peso 

< c^pdiey^ dx dtEo 

J Ae Jo 



2-d 



ds Kf 



ds Ef. 



^ 21 1 1/2 

s > TB{x,hi(e)); ( / dy G{(3s,y) 



nl/2 



< c(^d(e)"^ dx dtEo 

J Ae Jo 



TBix^aie)) > lA - ^1 [2 ^UsiPt - x)] 



,1/2 



S(a:.h^(£)) 



oo / p \ 2 

l^j Jty G{(3s,y) 



1/2 



JAe Jo L 

sup / (iz'G(x', z') ( / dyG{z',y)\ 
x'eB{0,2B.o)J \Ja J 

dz G(0, Z)\Z- xl^*'-^'^)/^ /,^(£)(rf-2)/2 1^ _ ^|(2-d)/2 _ 



1/2' 



'eB(0,2flo) 



z—x\>hii(e) 



We used (^) twice for the second equality, and Cauchy-Schwarz inequality for the first 
inequality, (|^) and the strong Markov property at time TB(x,ha(e)) fo^' the second and ( [TsD for 
the last. We easily deduce that J23 < ci393d(e)^i/irf(e). 
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For J24 we have using @ twice and (jl^) twice, 

dt 



TB(,^.hi(e)) 



J24 = 8 / dx No 



N 



Wt, , (t) 



T(x,e)<^;l " ds dy G{WT^^^^{s),y) 
J A 



8 dx dt dsE. 

JAe Jo Jo 



TB{. 



r rco poo 

< cipd{£)~'^ dx dt Eq 

J As Jo Jo 



2-d 



TB{x,hi{e)) > s] j dy G{(3s,y) - x 



2-d 



< cifdi^y^Mid, hd{e)). 
Using ( [T9| ) we get J24 < ci499rf(e)~-'^/irf(e)^. As a conclusion we get 

J2 < ci2ipd{e)~^hd{eY^'^ + ci3ipd{ey^hd{e) + cu'Pd{e)~^hd{e)'^ . 

Conclusion on the lower bound on J. 

By combining the previous results, we get for d> 4, 

^d{e)J > Jo- cnhdief - (pd{e)J2 > Jo - ci5hd{ef. 



3.3. End of the proof of proposition |2.3| . We deduce from formula (15), that 



Jo = CoNo 



1 2 



Umds 







and Jo = Co^No 



lA{W,)ds 



Thus we get from section 3.1 and 3.2 that for e small enough 

2' 



No 



Vd{e)\n'nAe\-Co I dsUiWs) 




< c^hdiefl'' + 2ci5/id(e)' 



Take k < 9/2 and Eq small to get the second upper bound of proposition 2.3 



□ 



4. Capacity equivalence for the support and the range of X 

Let / : (0,00) — > [0,00) be a decreasing function. We put /(O) = limj,jo/(?') G [0,oo]. 
We define the energy of a Radon measure v on with respect to the kernel / by: J^f{i^) = 
IS f{\^ ~ y\)^{dx)v{dy), and the capacity of a set A G B{W^) by 

-1 



cap/ (A) 



inf Itiu) 
u{K)=l \ 
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Following [0], we say that two sets Ai and A2 are capacity-equivalent if there exist two 
positive constants c and C such that for every kernel /, we have 

ccapj(Ai) < capj(A2) < C capj(Ai) . 

The next lemma is an immediate consequence of the remarks in |l5| p. 385. 



Lemma 4.1. Let K dW^ he a hounded Borel set. Suppose there exist two positive constants 
d and 7 such that 

lime^-'^IA^I = c'. 
Then there exists a constant C such that for every kernel f, we have 

cap J (A) < C 
For every measure fi G Mf, we set 



1 

f{r)r'^~^dr 



fi{dx)n{dy) p{e^,x- y), 



where p is the Brownian transition density in M'^: p{t,x) = (27rt) '^/^ e 1^' {t,x) E 
(0,00) X M*^. The next lemma is also an immediate consequence of [Tst] (p. 387). 



Lemma 4.2. Let A C M he a hounded Borel set. Suppose there exist two positive constants 
c' and 7 and a measure jjL S Mf such that ^(A^) = and 

Yiuie'^~"'Se{pi) = c'. 

Then there exists a constant c such that for every kernel f , we have 



f{r)r'^ ^dr 



-1 



< 



cap J (A) . 



For example, for every integer p < d, we can consider the cube [0, 1]^ as a subset of W^, 
and then we obviously have 

limeP-'^|([0,l]P)"| = 27r('^-P)/Vr((f^-p)/2), 
and if is Lebesgue measure on [0, 1]^, 

£^0 



Thus we deduce from lemma 4.1 and that there exist two positive constants c^, Cp, such 
that for every kernel /, 



(20) 



-I -1 



f{r)r^ ^dr 



< 



cap^([o,in<c; 



f{r)r^ ^dr 



-1 



We shall prove the following result on super-Brownian motion and ISE. 

Proposition 4.3. (i) Assume d> 3. Lett > 0, £ Mf. -a.s. on {Xt 7^ 0}, the set 
supp ATf is capacity -equivalent to [0,1]^. 
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(ii) Assume d > 5. Let t > v ^ Mf. T'-^-a.s. on {Xt / 0}, the set lZt{X) is capacity- 
equivalent to [0,1]^. Furthermore, if there exists a positive number p < 4 such that 
lim.i;^Q ef~'^ |(supp = 0, then F^-a.s. the set TZo{X) is capacity-equivalent to [0, 1]^. 

(iii) Assume d> 5. The set TZt{W) is capacity- equivalent to [0, 1]'* Ng^^ -a.s. 

Proof of proposition 4.3 (i). Let d > 3. It is well-known that for t > 0, F^-a.s. the set 
supp Xt is bounded. Thus, thanks to theorem |2.2|, P;f-a.s., we have 



lime^-'^KsuppXtf I =ao(Xt,l). 

Now apply lemma ^T!] to A = supp Xt, with 7 = 2 and take p = 2 in (pO|). We get that 
P^-a.s., on {Xt 7^ 0}, there exists a (random) constant Ci > 0, such that for every kernel /, 

cap J (supp Xt) < Ci capj([0, 1]^) . 



For the second part of (i), we use lemma |4^ below. Recall notation Yt from section 1.1 
Lemma 4.4. Fix t > and x G M'^, d > 3. Then we have 

£^0 d — 2 

where the convergence holds N^^-a.e. and in L^(N^). 



Let us explain how the proof is completed using lemma iA. Thanks to lemma L2, the above 
lemma and (|20|) imply that Na;-a.e. on {Yt / 0}, there exists a positive constant ci such that 
for every kernel /, 

capj(supp Yt) > ci capj([0, 1]^) . 

Now remember that for t > 0, under ¥^ , we can write Xt = Yliei '^t{W^), where Yliei 
is a Poisson measure on C(M^, W) with intensity J iy(dx) Na;[-]. On {Xt 7^ 0}, there exists iq 
such that Yt{W^°) / 0. Then we have supp YtiW^*^) C supp Xt. Thus the previous lemma 
entails that there exists a.s. a positive constant ci{W^'^) such that for every kernel /, 

cap/supp Xt) > cap^(supp Yt{W')) > ci{W''>) cap^([0, 1]^) 

This completes the proof of (i). □ 



Proof of propositi on |4.3| (ii). Let d > 5. We argue as in the proof of (i) using theorem 2T 
instead of theorem \2.2\ and the following lemma instead of lemma 



Lemma 4.5. Fix t > and x £ W^, d > 5. Then we have for every T > t > 0, 
where the convergence holds N^-a.e. and in L'^{'Nx)- 

□ 



Proof of proposition (iii). Let d > 5. For the first part we argue as in the proof of 
(i) using the second part of corollary |2.4| instead of theorem 2^. Notice that thanks to (P) 
and the scaling property of the family (Nq^^t > 0), the convergence in lemma 4.5 also holds 
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Ng^^-a.s. The second part of (iii) is then a direct consequence of lemma (with n = Jq ds Yg 
and 7 = 4) and (|o|) (with p = 4). □ 



The proofs of lemma |4.4| and lemma |4.5| are very similar. We shall only prove the latter. The 
former uses the same techniques in a simpler way. 

Proof of lemma 4^. We first want to show the convergence in L^(N^). Fix T > t > 0. 
By standard monotone class arguments, we deduce from the results of section an explicit 
expression for 



T 



dsi . . . ds4 



, S4, Xi, . . . , X4) 



where g is any measurable positive function on 



K Specializing to the case 



g{si,... ,S4,xi,... ,Xi) = ni=i l[t,T]('Si)p(e ,xi - X2)pie^,X3- Xi), we get 



Sr. / dsY 



1^12^ I ds I dyp{s,x-y){ 4 



(t-s)+ 



dsi / dyi p{si,y- yi) 



dso 



J dy2 pi 
J dy4p{ 



•52, y - y2) 



•54,2/2 - Vi 



T-S-S2 r rT-s-S2 

ds3 / dys p{s3,y2 - 2/3 

{t-S-S2)+ J 

T—S — S2 — S4, r 

ds5 I dy^ p{s5,y4 - ya 



ds^ 



(^-s-s2-s4)^ 
^•56 / dye p(s6,y4 - Ve) 



(t-S-S2-S4) + 

b(^^yl - ?/3)^'(^^y5 - ye) +p(e^yl - y5)p(e^y3 - ye) 

+ p(e^, yi - y6)p(e^, ys - ys)] 



+ 



T-s 



dsj / dy-j p{s'T,y -y-j) 



ds8 / dys p(s8,y7 



T-s 



T~s-S7 

{t-S-S7) + 

T-s-sr 

dsQ I dyg p{sg,y7 - yg) 

{t-s-sr)+ 



^•sio / c^yio ^(•sio,y - yio) 



(t-s-sio)+ 



^^•sii / dyii ^(•sii,yio - yii) 



dsi2 / (iyi2 p(si2,yio - yi2) 

'{t-s-sio)+ J 

[p(e^, ys - y9)p(e^, yii - yi2) + pie^,y8 - yii)p(e^, yg - yi2) 

' p(e^ ys - yl2)^'(e^ yg - yn)] 
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We write Ji, J2, J3, J4, J5, and Jg, respectively for the integrals corresponding to the 
integrands p{e^,yi - y3)p(e^, 2/5 - ye), yi - y5)p(e^, ys - ye), yi - y6)p{£'^,y3 - ys), 
P(e^,y8 - y9)p(e^,yii - yi2), p(e^,y8 - yii)p(e^,y9 - yi2), and p{e'^,ys - yi2)p{e^,y9 - yii) 
respectively. As we shall see the integral J4 gives the main contribution. Before proceeding 
to the calculations, we give three useful bounds: for every positive real numbers s, < 
2-1 ("2^-1 A T), we have for > 5 



(21) 
(22) 

(23) 



I [e^ + s + r) 
Jo 

fT 

/ (e^ + s + r) 
Jo 



-d/2 



l-d/2 



dr < 



d-2 



dr < 



d-4 



l-d/2 



2-d/2 



+ r) 



2-d/2 



dr < Hrie) := < 



2{d-6)-^e^-'^ iid>7, 
4lne-^ ifd = 6, 

V&T if d = 5. 



From now on, we assume that < 2-^{T'^AT) and also In e ^ < T if d = 6. Let us derive 
an upper bound on Ji. By repeated applications of the Chapman-Kolmogorov identities, we 
get 

Ji < 2^ [ ■ ■ ■ j ds...ds6 j dyp{s,x-y) j dyi p{si,y - yi) 

dy2 p{s2, y-y2) j dy-s p{s3, y2 - ys) j dy^ p{s4, y2 - y^) 

dy5 p(s5, y4 - ys) j dye p(s6, y4 - y&)p{e^,yi - y3)p{e^,yb - ye) 

r-T r-T 

< 2^ / • • • / ds...dsG p{e^ + si + S2 + S3, 0)p(e^ + S5 + se, 0). 
Jo Jo 



We can apply (^), (|2|) and (g|) to get: 



28 

Ji < -T-^T 



dsi- 



2-d/2 



{d-2){d~4) 



A-d 



{27rY Jo \d-2){d-A) 
< ciT'e'-'^HTie), 

where the constant ci depends only on d. We can use the same method for J2: 
J2 < 2^ 



ds...dsQ J dyp{s,x-y) J dyi p{si,y - yi) 
dy2 p{s2, y-y2) j dys p{s3, y2 - ya) j dy4 p(s4, y2 - y4) 

dy5 p{s5,y4 - ys) / rfye ^(•se, y4 - ye)p(e^, yi - y5)p(e^, ys - ye) 











■ [ ds. 


■ dse j 


Jo 


Jo 
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where we made the change of variables = 2/2 — ^4- Since + ss + sq, z) < p{e^ + S3 + se, 0) 
and p{e'^ + si + S2 + s^, z) < p{e'^ + si + S2 + ^s, 0) , we can argue as for Ji to get: 

J2 < 2^ / • • • / ds...dse p{e^ + si + S2 + ss, 0)p(e^ + S3 + se, 0). 
Jo Jo 



By symmetry, we get J2 = Js- We want now to find an upper bound on J4. Using (^), ( |2^ ) 
and (23) we get: 



J4 = 2*^ / / dyp{s,x-y) 



T-s pT-s-sr 



ds 



(t-S-S7)+ J(t-S-S7) + 



T-S-S7 



ds 



9 



dyr Pis7,y - yr) / dys piss,y7 - ys) / dyg p{sg,y7 - yg)p{e ,2/8-2/9) 

2 



r-s 



T-S-S7 



(iss 



(t-S-S7)+ J(t-S-S7) + 



T-S-S7 



(isg + S8 + S9,0) 



< 2''(27r)-'' / ds 
210 



T- 



(is7 



(d-2)(d-4) 



[e^ + 2(t - s - 57)- 



i2-d/2 



(2^)'^[(d-2)(d-4)]^ 



ds 







< 



e4-'^[(r-s)-(t-s)+] + 
210 



dsy [e^ + 2(t - s - 57)- 



i2-(i/2 



(27r)'^[(d-2)(d-4)]^7o 



ds 



e4-rf[(r-s)A(T-t)]+2-i/?2T(e) 



)10 



< 



{2TrY 



-A-d 



(d-2)(d-4) 



{T-tf 



+ {T- tft 



where the constant C2 depends only on d. We now compute an upper bound on J5: 



^5<2'^^ •••y ds...dsi2 y dyp{s,x-y) j dyj p{st , y - yr) 

dyii pisu,yio - yu) j dy^ p(si2, 2/10 - yi2)p(e^, 2/8 - yii)p(e^,y9 - ^12) 

< 2*^ / • • • / ds... dsi2 / dz p(s7 + sio, 2;)p(e^ + ss + su, z)p{£^ + sg + si2, ^;), 
Jo Jo J 
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where we made the change of variables z = yio—y7- Since p{e'^+sg+si2,z) < p(e^+S9+si25 0), 
and p{e'^ + S7 + sg + sio + sii, 0) < p(e^ + S7 + ss + siOi 0)) we can argue as for Ji, and get: 

J5 < ciTh'-'^HTie). 
By symmetry we get Jq = J^. Combining the previous bounds leads to 



N, 



t N 2- 

ds y. 







< 



210 



_4-d 



(d- 2)((i-4) 



(T - tf 



+ {T-tft 



+ c^Th^-''HT{e), 



where the constant C3 depends only on d. 
We shall now find a lower bound for N7 



ments as in the beginning of the proof, we get 



. Using similar argu- 



-3!23 / ds / dyp{s,x-y) / 

"J JO J J{t~s) + 



dsi / dyi p{si,y- yi) 



T-s 



ds2 I dy2 p{s2,y- 2/2) 



T-S-S2 



{t~S-S2) + 



ds3 / dyi, p(s3,y2 - ys) 



T-S-S2 



dsA 



j dy4 p{s4,y2 - yi) [p{e^,yi - ys) - yi) +p{e^,y5 - yi)] ■ 

Since we are looking for a lower bound, we restrict our attention to the term p{s'^,y3 — yi). 
We get 



> 



ds 



4 



T-s 



dsi / ds2 



T—S—S2 



(t-S-S2)+ J{t-S-S2) + 



T-S-S2 



dsi p{e^ + S3 + S4,0) 



(27r)'^/2 (d-2)(d-4)yo 

■T-s 



dS2 



ds [{T - s) ^ {T - t)] 



+ 2{t-s- S2)+f ^'^ -2{e^ + (T-s- S2)) 



2-d/2 



> 



26 



(27r)'^/2 {d-2){d-A)Jo 



T 



> 



26 



-i-d 



{2TT)d/2 (d-2)(d-4) 



ds [{T - s) A (T - t)] e^-'^{T - s - {t - s)+) - 2HT{e) 
(T-t)' 



+ {T-t)H 



CiT'HTie), 



where C4 depends only on d. Finally we deduce from section 5J, with f{s) = l[Q^x-t]{s)i that 









2- 








j\s (n,l) 




= 4 
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Combining the previous results, we get for e small enough 



_d-4 



T 



ds y. 



{d-2){d-A) 



ds 



where ce depends only on d. This gives the convergence in 

is monotone decreasing in e (cf lemma 5.3 in ||l^). The N^^-a.e. convergence then follows 
from the previous estimate by an application of the Borel-Cantelli lemma and monotonicity 
arguments. □ 



5. Appendix 



5.1. Formula for moments of the Brownian snake. For the reader's convenience, we 
recall some explicit formulas for moments of the Brownian snake. These formulas are well- 
known, at least in the context of superprocesses (see e.g. Dynkin [||). We can compute 
the Laplace functional of ds{Ys,ip{s)) for ip G x ^'^)- To this end start from the 

finite dimensional Laplace functional (^) with ti = i/m, (pi = ^ip{i/m) for a nonnegative 
continuous function ip with compact support on x M^. Thanks to the continuity of the 
process X, by a suitable passage to the limit, we get for v G Mj 



E 



X 



exp 



{Xt^s,^is))ds 



exp [-{iy,v{t))], 



where u is a nonnegative solution of (|l|) with right-hand side J{t,x) = Jq ds Pt-s['p{s)]{x). 
This can be extended by monotone class arguments to any ip G Bb+i^'^ xM"^). The uniqueness 
of the solution is easily established using arguments similar to the classical Gronwall lemma. 



Then we get v{t, x) = Nx 



1 — exp 



/o ds {Yt-s,y^{s)) 



thanks to theorem L3 



Now we introduce an auxiliary power series. Let us consider the analytic function /(A) 
1 — y/1 — X for |A| < 1. It is easy to check that for |A| < 1, we have 

oo 

/(A) = J^TnA", 

n=l 

where the sequence (7„,n > 1) is defined by 71 = 1/2 and the recurrence 

^ n— 1 

^ ^ ^ Ikln—k 



In 



k=l 



(use the fact that / solves 2/ (A) = f{\f + X). 



measurable function on 



such that Mt 



family of measurable functions (/i^, n > 1) on 



for n > 2 

Now let T > and J a nonnegative 
sup^Q^q^-^^^d J{t,x) < 00. We define the 
M'^, by the initial condition 



hi{t) = J(t), 
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and the recurrence 

n-l »t 

(24) /i„(t) = 2V/ ds Ps[hk{t- s)hn-k{t- s)] for n > 2. 

k=i -^0 

We clearly have for every n > 1, 

sup \K\< [4r]"-i[2MT]"7n. 

[0,T] xK'* 

Thus the power series w{X,t) = '^{—l)"'~^^X"'hn{t) is normally convergent on [0,T] x M.'^ for 
|A| < [8TMt]~^. And it clearly solves the integral equation on [0,r] x R'^ 

(25) w{t) + 2 [ ds Ps [w{t - sf] = XJ{t). 

Jo 

To get the uniqueness of the solution to the previous integral equation, use arguments similar 
to Gronwall's lemma. Finally we can compute the moments for the process Y under N^^. 
Indeed, let (/? G Bh+iM.'^ x IR'^). We have shown that for A > 0, the function vx{t,x) = 

Nx 1 — exp— A fQ{Yt^s,'p{s))ds is the unique solution to ( [25| ) on M+ x M.'^ with J{t,x) = 

Jq ds Ps[^{t — s)]{x). Thus for A > small enough, we have vx{t) = w{X,t). Then from the 
series expansion for w{X,t), we get for every integer n > 1 

t 



ds {Yt-s,<f{s)) 



nlhn{t,x) 



where the functions hn are defined by hi{t) = ds Ps[^{t — s)], and the recurrence (p^). In 
the same way it can be shown that for every ip G Bh^{W^), for every t > 0, n > 1, 

Nx[{Yt,ipr]=n]hnit,x), 

where the functions are defined by hi{t) = Pt[f], and the recurrence (^ 



5.2. Some properties of the function ui. We consider the function ui, which is the 
maximal solution on (1,cxd) of the non linear differential equation 

d-l 



u"{r) H u'{r) = Au{r 



,2 



r 



Lemma 5.1. There exist positive constants ag, bp and h'l, depending only on d, such that 
lim r'^^^ni(r) = ao if d> 5, lim log(r) ui{r) = ao = 1/2 if d = 4; 

furthermore for every r > 1, 

(26) ni(r) > aor^"'^ ifd>5, ui(r) > aor^^ log(2r)"^ if d = 4; 
and for every r > 4/3, 

(27) ui(r) < bor^""' ifd>5, ui{r) <ho[2r^log{r)]-^ if d = 4; 

(28) Mi(r) < aor2-°' + b'ir6~2d ifd>5, 

(29) Ml (r) < aor'^ log(r)~^ + b'lr'^ log(r)"^ log(log(r)) if d = 4. 
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We will prove this lemma by giving the asymptotic expansion of ui at oo. For d > 5, 
we will see the constant ao can be expressed as the radius of convergence of a series. We 
introduce the auxiliary function 

l/(d-2)- 



d-2 



for t > d - 2. 



y"it) = t-'-Mt) 



z(t) = 4(d-2)-2('^-i)/(^-2)tni 

This function is solution on (d — 2, oo) of 
(30) 

where 5 = 
decreasing. 

Proof in the case d > 5. We deduce from theorem 1.1 of [18| that the limit q = limt_+oo z{t) 
exists and is positive. Hence by integrating (|3^) twice from t to oo, we get for t > d — 2, 



d-A 
d-2' 



We deduce from p^] p. 132 that the function z{t) (i.e. r'^ ^ni(r)) is 



(31) 



z{t) 



(r — t)r ^ '^z{rYdr. 



Now consider the sequence {qn-,n > 0) defined by go = 1 and the recurrence 



qn 



n5{n5 



^ n— 1 



n—k—li 



for n > 1. 



Clearly we have for every n > 0, (^^ < 2 [4/5]" 7n+i, where the sequence {'yn,n > 1) has been 
introduced in section 5.1. The power series 1nq"'^^t~^"' is convergent and even C°° as a 
function of t at least for t > ti = [Aq/d]^^^ . This power series also solves (^) for t > ti. The 



same arguments as in the proof of the Gronwall lemma show that equation (|3l| ) possesses a 
unique solution bounded in a neighborhood of infinity. Thus the function z and the power 
series agree for t > ti. Since the function z is analytic on {d — 2,oo) and since q and the 
coefficients qn are positive, we deduce that the radius of convergence of the series ^ gns"" is 
q{d - 2)-^ and that for t > d - 2 



zit) 



n=0 



Thus we get with obvious notation for r > 1, 



ui(r 



4~\d-2 



.d/{d-2)2-d 



n=0 



{d-2) 



-n{d-4)/{d^2)^-n(d-4) 



-n{d-4) 



n=0 



Since the function r'^~^ni(r) is decreasing we get (^6|). Since the real numbers {a-n^n > 0) 
are positive, ( [2^ ) and ( pS] ) follow easily. Notice that 4((i — 2)~^ao is the radius of convergence 
of the series Y^qnS^- D 

Proof in the case d = A. We write f{t) ~ g{t) at 0+ when the real function / and g are 
positive or negative on / = (0, 0+e) for some e > and limtg/_t_>o f{t)/g{t) = 1. We also write 
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f{t) ~ g{t) at oo when f{l/t) ~ g{l/t) at 0+. We know from p. 133 that z{t) ~ log(t)"^ 
at cxD. We deduce from (|30|) that z'{t) is negative on (2,oo) and z"{t) ~ [tlog(t)]^^ at oo. 
By integration, we get z'(t) ~ log(t)~'^ at oo. We now consider the function w{s) = z(e*) 
which solves w" — w' = on (log2,oo). Notice that the function w is positive decreasing 
and w' is negative. We also have w{s) ~ s"-*^, w'{s) ~ — and w"{s) = o(s~^) at oo. Thus 
the function defined on (0, oo) by 

p{w{s)) = w'{s), for s S (log2,oo), 

is well defined and even of class C^, and p'{w{s)) = w" (s) / w' (s) . Thus the function p can be 
extended as a function on [0, oo) by setting p{0) = and p'{0) = 0. Furthermore it solves 

p{w)p' {w) — p{w) = on [0, oo). 

We also have p{w) ~ —nP' at 0+. We consider the sequence {pn^n > 2) defined by /92 = 1 
and the recurrence 

n-l 

Pn = ^ kpkPn-k+1, for n > 3. 
k=2 

The radius of convergence of the series '^{—l)^'^^pnW^ is 0, nevertheless we will prove it is 
the asymptotic expansion of p at 0+. We set Hn{w) = Yl^=2i~^)^^^ Pk'^^ for n>2. We now 
prove by recurrence that p{w) = Hniw) + hn{w), where hn{w) = o{w^) at 0+. This is true 
for n = 2. Let us assume it is true at stage n. Let gn,a{w) = (1 — a){—l)'^ pn+iw'^'^^ — hn{w). 
We easily have 

= (-l)"+Vn+2«;"+2 + oK+'), if a = 0. 

Let us assume n is even. For a = 0, the above right hand side is negative on (0, e], for e small 
enough. Since p is negative and [H^{w) — 1] < on [0, e], for e small, we see that gn,oiw) < 
implies g'^Q^w) > 0. As gn,o{0) = 0, we get by contradiction that gnfi > on [0,e]. This 
implies hn{w) < Pn+iw^^^. Similar arguments for q > implies that gn,a < on [0,£a] for 
ffo, > small enough. Since this holds for any a > and since hn{w) < pn+iw^^^ for w small 
enough, we deduce that hn+i{w) = hn{w) — pn+iw"^^"^ = o(?i;"+^). If n is odd the proof is 
similar. 

From the definition of p, we then have w'{s) = Hn{w{s)) + 0{w{s)'^'^'^) at oo. For n = 3 
this gives w'{s) = —w{sY + 2w{sY + 0{w{s)'^) at oo. Since w{s) ~ s^"^ at +oo, we deduce 
by integration that 

— — — 21ogit;(s) +0(1) = s at infinity. 
w[s) 

Standard arguments yields w{s) = + 2s~^ log(s) + 0(s^^) at infinity. Thus we have 



at + oo. 



21og(r) 41og(r) 

Notice the previous calculation can be continued to give an asymptotic expansion of ui at 
infinity. The inequalities and (^) follow easily. We will now prove that for every r > 1, 
ui{f) > [2r^ log(2r)]~^. We consider the function 7i;(r) = t(i(r) — [2r^ log(2r)]^"'^. The function 
w is positive at least over (1, 1 + ry) n (ry~^,oo) for ry small. Let us assume that w achieves 
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its minimum at rg and that w{rQ) < 0. Then we have tq G [1 + 77, ry w'{ro) 
w"(^o) ^ 0. An easy computation gives 



and 



w"{r) = A:w{r) 



ui{r) + 



1 



-w ir) 
r 



1 



2r4(log(2r))3 ' 



2r2 log(2r) 

Evaluation at r = rg impUes that w"{rQ) < 0. This contradicts the assumption. Hence w is 
positive, that is we get (26) for d = 4. □ 
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